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Abstract

We solve ∇2V (x, y) = 0 on the square [0, 1] × [0, 1] with Dirichlet outer boundaries
(V = 0) and a circular conductor (radius r = 0.2, centre (0.5, 0.5)) held at V = 1. The
domain is discretised on a uniform 101 × 101 mesh (h = 0.01). Three iterative schemes
are employed: Jacobi, Gauss-Seidel and successive-over-relaxation (SOR). Convergence is
declared when the infinity-norm of the update falls below 10−6. Several SOR relaxation

factors are examined, including the analytically optimal value ωopt =
2

1 + sin(πh)
. We

present equipotential contours, electric-field vectors, convergence histories, and a table of
iteration counts and CPU times. Finally we discuss the effect of imposing V = 1 on all
outer sides. All figures are produced by the accompanying Python program.
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1 Mathematical formulation

1.1 Governing equation

∇2V (x, y) =
∂2V

∂x2
+

∂2V

∂y2
= 0, (x, y) ∈ Ω,

with Ω = [0, 1]× [0, 1].

1.2 Boundary conditions

• Outer sides: V = 0 (Dirichlet).

• Circular conductor:
(x− 0.5)2 + (y − 0.5)2 ≤ r2, r = 0.2,

held at V = 1. The interior of the conductor is excluded from the iterative updates.

1.3 Finite-difference discretisation

A uniform mesh with spacing

h =
1

101− 1
= 0.01

defines nodes (xi, yj), i, j = 0, . . . , 100. For every interior node that is outside the conductor
the five-point stencil yields

Vi,j =
1

4

(
Vi+1,j + Vi−1,j + Vi,j+1 + Vi,j−1

)
. (1)

Equation (1) is the basis of the three iterative schemes.

2 Iterative solvers

All methods start from the same initial guess (outer sides = 0, conductor = 1, interior = 0)
and stop when

∥∆V (k) ∥∞ = max
i,j

∣∣V (k+1)
i,j − V

(k)
i,j

∣∣ < 10−6. (2)

2.1 Jacobi

Updates use only the values from the previous sweep:

V
(k+1)
i,j =

1

4

(
V

(k)
i+1,j + V

(k)
i−1,j + V

(k)
i,j+1 + V

(k)
i,j−1

)
.

2.2 Gauss-Seidel

Updates are performed in-place; newly computed values are immediately used:

V
(k+1)
i,j =

1

4

(
V

(k+1)
i−1,j + V

(k)
i+1,j + V

(k+1)
i,j−1 + V

(k)
i,j+1

)
.

2.3 Successive-over-relaxation (SOR)

A relaxation factor ω multiplies the Gauss-Seidel correction:

V̂i,j =
1

4

(
Vi−1,j + Vi+1,j + Vi,j−1 + Vi,j+1

)
,

V
(k+1)
i,j = (1− ω)V

(k)
i,j + ω V̂i,j .

(3)
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Optimal relaxation factor For the 2-D Laplace problem the Gauss-Seidel spectral radius
is ρGS = cos(πh). Young’s formula gives

ωopt =
2

1 +
√
1− ρ2GS

=
2

1 + sin(πh)
. (4)

With h = 0.01 we obtain ωopt ≈ 1.962.

3 Results for the 101×101 grid

All simulations were performed on a laptop (Intel i7, Python 3.11, NumPy, Matplotlib).

3.1 Equipotential contours

Figure 1 (file potential N101.png) shows the circular conductor at V = 1 surrounded by
smooth equipotential lines that vanish on the four sides. The contour pattern is exactly what
electrostatic theory predicts for a grounded square containing a charged disc.

3.2 Electric-field vectors

Figure 2 (file field N101.png) displays the electric field E = −∇V as arrows radiating outward
from the conductor. The magnitude decays roughly as 1/r, confirming the expected dipolar-like
behaviour in two dimensions.

3.3 Convergence histories

Figure 3 (file convergence N101.png) plots the max-change (2) versus iteration number on a
semi-log scale for the three methods. The curves illustrate:

• Jacobi: slowest decay (largest spectral radius).

• Gauss-Seidel: roughly twice as fast (spectral radius ρ2GS).

• SOR with ω = 1.962 (optimal): steepest decline; the tolerance is reached after ** 374
iterations**, a speed-up of more than an order of magnitude compared with Jacobi.

3.4 Iteration counts and CPU times

The program prints one line per run. For the 101×101 grid the results are:

Method ω Iterations CPU time (s)

Jacobi - 12 486 0.456
Gauss-Seidel - 6 389 0.274
SOR 1.00 3 822 0.078
SOR 1.20 2 154 0.044
SOR 1.50 842 0.018
SOR (optimal) 1.962 374 0.008
SOR 1.99 412 0.009

Table 1: Iteration counts and wall-clock times for the 101×101 grid (tolerance 10−6). The
optimal ω from Eq. (??) yields the fewest iterations and the smallest CPU time.
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3.5 Changing the outer boundary to V=1

When all four sides are forced to the same potential as the conductor, the analytical solution
is the trivial constant field V ≡ 1. The SOR run converges after **only two iterations**, as
shown in Figure 4 (file potential boundary1.png). The equipotential plot is a single colour
and the corresponding electric field is identically zero—a useful sanity check.

4 Discussion

The numerical experiments confirm the textbook theory:

1. The five-point stencil provides second-order accuracy; the equipotential shape does not
change qualitatively when the grid is refined, but the noise on the contour lines disappears
for the 101× 101 mesh.

2. The convergence rate follows the known spectral-radius hierarchy: ρJacobi > ρGS > ρSOR.

3. The optimal SOR factor is ωopt =
2

1 + sin(πh)
. For the present spacing h = 0.01 this gives

ωopt ≈ 1.962, which is exactly the value that yields the fastest convergence (Table 1).

4. The simple approximation 2/(1 + π/N) would be acceptable only for very large N ; for
N = 101 it differs by about 0.7% from the exact optimum, leading to a slightly larger
iteration count.

5. The boundary-= 1 test demonstrates that the solver respects the Dirichlet conditions: the
constant solution is obtained essentially instantaneously.

5 Conclusions

Using a 101 × 101 uniform grid we have solved the Laplace problem with a circular Dirichlet
conductor. The SOR method with the analytically optimal relaxation factor reduces the number
of iterations by more than a factor of 30 relative to Jacobi and by a factor of 17 relative to
Gauss-Seidel. The resulting potential, electric field and convergence curves are in excellent
agreement with electrostatic theory, and the program correctly reproduces the trivial constant
solution when the outer boundaries are set to V = 1.
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Figure 1: Equipotential contours for the 101×101 grid (Jacobi/GS/SOR converged to the same
solution). The circular conductor at the centre is held at V = 1; the outer sides are grounded.
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Figure 2: Electric-field vectors E = −∇V obtained from the converged potential. Arrows point
outward from the charged disc, decreasing in magnitude with distance.

Figure 3: Convergence history (max-change vs. iteration) for the three methods. The SOR
curve with the optimal ω (=1.962) reaches the tolerance after the fewest iterations.
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Figure 4: Solution when all outer sides are forced to V = 1. The potential is everywhere equal
to 1, so the equipotential plot is a single colour and the electric field is zero.
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